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Abstract

We explore Bayes-rational sequential decision making in a game with pure information
externalities, where each decision maker observes only her predecessor’s binary action. Under
perfect information the martingale property of the stochastic learning process is used to establish
convergence of beliefs and actions. Under imperfect information, in contrast, beliefs and actions
cycle forever. However, despite the stochastic instability, over time the private information is ignored
and decision makers become increasingly likely to imitate their predecessors. Consequently, we
observe longer and longer periods of uniform behavior, punctuated by increasingly rare switches.
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1. Introduction

In the last decade a number of studies have explored the process of observational
learning. Banerjee (1992) and Bikhchandani et al. (1992) introduced the basic concepts
and stimulated further research in this area. The literature analyzes an economy where
a sequence of Bayesian decision-makérsg) make a once-in-a-lifetime decision under
incomplete and asymmetric information. The typical conclusion is that, despite asymmetry
of information, eventually/ms will imitate their predecessor’s behavior even if it conflicts
with their private information.

A central assumption of the previous models is that/als are assumed to be able to
observe all the decisions that have previously been made, i.e., thegdnfaet information
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about the entire history of actions that have been taken before themnTtieis compares

her information with that of a large (in the limit, unboundedly large) number of other
dms. In reality,dms havamperfect information. For greater realism, our model relaxes the
perfect-information assumption, dealing instead with the case in whichceadbserves

only her immediate predecessor’s decision. Our goal is to understand behavior under such
an imperfect information structure.

The model which we analyze builds on Gale (1996). E&alis faced with a once-in-a-
lifetime binary choice, say, an investment decision. While non-investment is a safe action
yielding a zero payoff, the payoff from investmentis a random variable with expected value
zero. Eachdm receives an informative private signal and observes only her immediate
predecessor. We describe thes’ optimal strategies recursively; they in turn, characterize
the dynamics of learning and actions.

Smith and Sgrensen (2000) make a clear distinction between learning dynamics and
action dynamics. They emphasize the difference betwdenmational cascades andherd
behavior, two notions introduced by Banerjee (1992) and Bikhchandani et al. (1992) to
address the same phenomeriaformational cascades occur when, after some finite time,
all dms ignore their private information when choosing an action, whéel behavior
occurs when, after some finite time, allns choose the same action, not necessarily
ignoring their private information.

Hence, an informational cascade implies herd behavior but herding is not necessarily
the result of an informational cascade. When acting in a hiend,choose the same action,
but they could have acted differently from one another if the realization of their private
signals had been different. In an informational cascade; aonsiders it optimal to follow
the behavior of her predecessors without regard to her private signal since her belief is so
strongly held that no signal can outweigh it.

We replicate the results of the literature under perfect information and use them as a
benchmark. The main difference between perfect and imperfectinformation is that learning
under perfect information has the martingale property that permits establishment of
convergence of beliefs and actions. Under imperfect information, in contrast, the learning
process does not have the martingale property. The important implication is that beliefs
and actions are not convergent but cycle forever. Despite this instability, over time, private
information is increasingly ignored antins become increasingly likely to imitate their
predecessors (Theorem 1). Consequently, we observe longer and longer periods of uniform
behavior, punctuated by increasingly rare switches (Theorem 2). In other words, under
perfect information, social learning eventually ceases as individual behavior becomes
purely imitative and hence is uninformative. Under imperfect information, in contrast,
individuals become more and more likely to imitate and, at the same time, behavior fails
to converge.

The paper is organized as follows. In the next section, we provide a discussion of closely
related literature. The model is outlined in Section 3, analyzed under some distribution
specification in Section 4 and for general distributions in Section 5. We conclude in
Section 6.
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2. Related literature

Observation of an immediate predecessor’s action is a particular form of imperfect
information. Smith and Sgrensen (1996) relax perfect information by assuming that each
dm observes a random unordered sample of her predecessors’ actions. This approach
is in fact the finitedm counterpart of Banerjee and Fudenberg’s (1995) contindum-
model. Smith and Sgrensen (1996) provide a thorough characterization for the case of
unbounded beliefs, but their results are not exhaustive for the caseainded beliefs.t
With unbounded beliefs, Smith and Sgrensen (1996) agree with Banerjee and Fudenberg
(1995) that learning leads to correct decisions, and with bounded beliefs, they show that
what is “learned” can be incorrect.

Taking off from Smith and Sgrensen (1996), we assume that éackamples her
immediate predecessor’s choice with probability one. This assumption captures, in an
extreme format, the idea that more recent predecessors are more likely to be observed.
Aside from modeling choices, the present paper differs from Smith and Sgrensen (1996)
in two ways. First, we show that behavior can be radically different under perfect and
imperfect information. Second, we are able to describe not only the asymptotic outcomes
but also the behavior in case of divergence.

In another study, Smith and Sgrensen (1997) develop an example in whicldmach
observes her immediate predecessor’s decision. But, their signal distribution assumes
unbounded beliefs and their focus is on different properties of learning, so results are not
directly comparable.

3. Themode€
3.1. Preliminaries

Our economy consists of a finite humber of Bayes-ratiahak indexed byn =
1,2,..., N. Eachdm n makes a once-in-a-lifetime decision, to invest or not to invest,
indicated byx, = 1 andx, = 0, respectively. Decisions are made sequentially in an
exogenously determined order. The preferences ofithe are assumed to be identical
and represented by the risk-neutral vN-M utility function

e ifx, =1,
”(x")—{o if x, =0,

where the value of investmeat is a random variable defined by

N
O = Zen
n=1

and 6, is dm n’s private signal abou®. We assume that the,’s are identically and
independently distributed with c.d.f. over a compact suppa# with convex hull[a, b],

1 Private beliefs are said to lmunded when there is no private signal that can perfectly reveal the true state
of the world, and to benbounded otherwise.
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such thaff[6] = 0. Further,F satisfies symmetry when+ b =0 andF(0) =1— F(—0)
Vo € [a, —al.

It is immediate that the range 6f defines the set of the states of the world. Moreover,
since the risk-free action, = 0 constitutes a benchmark for decision making, the payoff-
relevant states are partitioned into two decision-relevant evggts® > 0 andow ® < 0.

Notice that the signal structure is informative in the sense that, conditional on the true
state of the world, one is more likely to receive a signal favoring the realized event, i.e.,
PO >0|®>0)>1/2andP@® <0|® < 0) > 1/2. Yet, private beliefs are bounded for
anyN > 2.

The summation version @& makes the model nicely tractable, but some clarifications
are in order. Notice that we define a finite economy, yet we are interested in the behavior
when the size of the econondy is arbitrarily large. In other words, we analyze the limit
behavior of a sequence of economies indexetbWith infinite N, the problemis not well
formulated since® may not be summable as defined. However, with any fiNitehere
are no problems since we are interested in limit theorems rather than theorems in the limit.
By the same token, even though the information @fxaabout® is not constant across
different sized economies, the underlying decision problem, the optimal decision rule, and
hence our results are independent\dfas in the traditional social learning models. The
key explanation, as we will see in the next section, is that the optimal behawiat ©fs
backward looking: the decision rule 8fz n is independent oN.

We refer to a perfect information econordy: = {F, x,, u,, In}ﬁ’:l, as an economy
where the information set of eadw n consists of her private signal as well as the entire
history of actions, i.e.,

Iy = {6, )11} €S x {0, 1" L.
An imperfect information economy,. = {F, x,,, uy, I,’,},’:’:l differs in that eacldm n > 1
observes only her immediate predecessor’s action, i.e.,

I} = {6y, xy—1} € S x {0, 1}.

Finally, we assume that the structure of ahy’s information set is common knowledge.
Thus, everyim knows whose actions eadlm observes as well as all the decision rules.

3.2. Thedecision problem

A dm’s strategy is a mapping from her information set into the set of actions. Next, we
provide a definition that will be useful in characterizing the optimal strategy.
Definition 1. dm n follows acutoff strategy if her decision rule is defined by

_{1 if 6, > 0,,
" lo ife, <6,

for some cutoff, € [a, b].2

2 Notice that the tie-breaking assumption is such that 1 whené, = §,. One may assume different tie-
breaking rules, but since these are probability zero events, the analysis does not alter.
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The decision problem afm n is to choose, € {0, 1} to maximize her expected utility
given her information sef,,. That is,

maxl}x,,IE[@ | Z,]

X;1E{0~,
which yields the optimal decision rule
x, =1 ifandonlyif E[®|Z,]>0.
SinceZ, does not provide any information about the content of successors’ signals, we

obtain
In}.

It readily follows that the optimal decision takes the form ai#off strategy. We state this
in the next proposition.

n—1
x,=1 ifandonlyif 6,> —E[Z@i
i=1

Proposition 1. For any dm n, the optimal strategy is the cutoff strategy

{1 if 0, > 6,,
Xp = . A~
0 ifo, <0,,
where

n—1
0, = —E[ > 6
i=1

isthe optimal history-contingent cutoff.

I,,:| 1)

The optimal cutof, contains all the information thatn n acquires from the history
and thus determines the minimum private signal for which she optimally decides to invest.

Hence,d, is sufficient to characterizém n’'s behavior, and{é,,}ff:l characterizes the

behavior of the economy. Henceforth, we ta(lée}g’:l as the object of our analysis and
refer to it as a cutoff process or learning process interchangeably.

Also notice that (1) demonstrates tifiatis independent oiv, i.e., the optimal behavior
of dm n is not affected by the size of the economy, justifying our discussion in the previous
section.

3.3. Definitions

Next, we define some key concepts to which we refer throughout the paper. To
economize on notation, whenever we take a limit overe allow N to accommodate
n by taking a double limit a&v — oo andn — oo.

Definition 2 (Informational cascade). An informational cascade on action=1 (x = 0)
occurs whendn such thatd € (—oo,a] (O € [b, 0)) Yk > n. Analogously, a limit-
cascade on action= 1 (x = 0) occurs when the process of cutoffs} converges almost
surely to a random variablé,, = lim,_ o0 6, With SUPBas) < (—00, a] (SUPHbss) <
[b, 00)).
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Hence, a cascade occurs in the limit when all but finitely mémg are almost surely
convinced about which of the events will take place. Further, we call a finite sequence of
dms who act alike dinite herd and, we let

l,’l"smax{ke{O,l,...,N—n}Ixn='~=xn+k}

denote the length of a finite herd followirlg: » in an economy of siz&/. Herd behavior
is said to occur it/ms eventually settle on an action, i.e., action convergence almost surely
obtains.

Definition 3 (Herd behavior). Herd behavior occurs whet such that liny o IV /N = 1.

Thus,dm n acts in a herd but does not follow a cascade whgea (a, b), indicating
that for some signal she is willing to make either decision, but when her private signal is
realized she acts as her predecessors did.

4. Theuniform case

In order to illustrate the model, we study a simple symmetric example where private
signals are distributed with uniform distributiéh over the suppoi—1, 1].

4.1. The case of perfect information

According to (1), in the perfect information econondy, = {U, x,, u,, I,l}fl":l, dmn’s
optimal history-contingent cutoff rule is

n—1
6, = _E[Ze,» (x,-);’zll}.
i=1

Since with perfect information any history of actions is public information shared by all
succeedingms, all the information revealed by the histc[vy);’;lz is already accumulated

in dm (n — 1)’s cutoff. Thereforedm n’s cutoff is altered only by the new information
revealed byim (n — 1)'s action. To be exact), is different fromé,_1 only by E[6,_1 |
xn—1,0,—1]. As a result, the cutoff rule exhibits the following recursive structure,

é\n = An—l - IE[Gn—l [ Xn—1, é\n—l] (2)
where

IE[en—l | Xn—1, é\n—l] = { o 9”:1)/2 If =1 (3)

(=1+6,-1)/2 if x,—1=0.

Equations (2) and (3) yield the following cutoff process.
Proposition 2. In £y, the cutoff process is given recursively by

é :{(—14:9n—1)/2 !fxn—1=1, )

(1+6,-1)/2  ifxy-1=0,

where §1 = 0.
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The impossibility of an informational cascade follows immediately sifge< 1, Vn.
Thus, in making a decision, anrym takes her private signal into account in a non-trivial
way. Moreover, the learning proce§s,} has the martingale proper&{6,+1 | 6,1 = 6,.
So, by the Martingale Convergence Theorem, it converges almost surely to a random
variablefs = lim,_« 6,. Hence, it is stochastically stable in the neighborhood of the
fixed points,—1 and 1, meaning that there is a limit-cascade. Finally, since convergence
of the cutoff process implies convergence of actions, behavior can not overturn forever.
In other words, behavior settles down in some finite time and is consistent with the limit
learning. In conclusion, we agree with Smith and Sgrensen (2000) that a cascade need not
arise but a limit-cascade and herd behavior must.

4.2. The case of imperfect information

In the imperfect information econom&](’] ={U, xy, uy, I,’,}f:’:l, the action of aim is
the only source of information available to her successor to indicate the nature of all past
signals. Thus, according to (&)» n’'s history-contingent cutoff rule is

n—1
0, = —E[Ze,» x,1_1:|.
i=1
It can readily be noted tha, can take two different values, conditional ep_1 € {0, 1}.

Thatis,

A én if x,—1=1,
Gn = .
On if x,-1=0,

()

where

n—1 n—1
é,,:—E[Z@,» xnlzl], an—E[ZGi xnle].
i=1 i=1

The derivation of the cutoff rule rests on three basic observations (for proofs, see Celen
and Kariv, 2001). First, the Bayesian inference of @ny is symmetric in the sense that
upon observing the predecessor’s action the probability assigned to a deviation (imitation)
is independent of the actual action taken, that is, forany

P(xn,1=0|xn=1)=P(xn,1=1|xn=0). (6)
Second, for eaclim n both actions arex ante equally probable,
1
POy =1 =23, (7)
And finally, the cutoff rule is symmetric,
én +6,=0. (8)

These observations help us to derive a closed form solutiép cursively. Note that if
dm n observesy,_1 = 1, she can determine the probabilities that, =1 orx,_> =0
conditional on this information. Ifx,_» = 1 then the actual cutoff ofim (n — 1) is
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6,—1, which already inherits all the information accumulated in the history. Moreover, the
expected value of her signa}_1 is computable conditional ofy,_1 an_dxn_l =1. An
analogous argument also applies,jf 2 = 0. Thus, the law of motion foé,, is given by
én = P(xn—Z =1llxp1= 1){571—1 - IE[en—l | Xp—2 = 1]}
+ P(xn72 =0|xp-1= 1){@1171 - E[anl | xp—2= 0] }
Using observations (6) and (7), it simplifies to

— 1—5,1_1 - 1+§n—l 1_Qn—1 1+Qn—l
e
Using (8), this leads to the following proposition.

Proposition 3. In &7, the cutoff processis given recursively by
. —(14602 ))/2 ifx,_1=1,
5= 1 - i-1)/2 1T (10)
(1462 ,)/2  ifx,—1=0,

where §1 = 0.

The impossibility of an informational cascade &) follows immediately since, as
in &y, 10.] < 1 Vn. However, as we illustrate in Fig. ¥m n's cutoff rule partitions
the signal space into three subsétsl, 6,,), [0,,60,) and[8,, 1]. For high-value signals

1
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Fig. 1. The partition of the signal space.
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6, € [0, 1] and low-value signalg, € [—1, 6,,), dm n follows her private signal and takes
actionx, = 1 orx, = 0, respectively. In the intermediate subggt, 6,,), which we call
the imitation set, private signals are ignored in making a decision dngs imitate their
immediate predecessor’s action.

Furthermore, sincé,,} (or {#,,}) is a decreasing (increasing) sequence boundedlby
(1) and must converge, imitation sets monotonically increagerggardless of the actual
history of actions and converge to the entire signal space in the limit. That is to say, the
imitation set becomes an attractor in the limit. Hence, over tifngs tend to rely more on
the information revealed by the predecessor’s action rather than their private signal.

Note, however, that this does not imply convergence of the cutoff prgégsdn fact,

a simple analysis shows that the cutoff process (10) is not convetdserice, a limit-
cascade never arises since the cutoff process is not stable near any of the fixed-foints
and 1. Further, sinceén} is not stable, it is obvious that convergence of actions in the
standard herding manner is impossible. This is to say that the divergence of cutoffs implies
divergence of actions.

As herd behavior is impossible, one might ask what the expected length of a finite herd
starting from some finitelm n, ]E[l,’,v], is. Note that when a deviation occurs, the cutoff
process switches from a point close to one of the fixed points to a point even closer to the
other fixed point, thereforg[/] is increasing im for an economy sizéV large enough.

This can be shown using direct calculations. Hence, along the linkngf behavior is
typified by monotonically longer lasting finite herds. Furthermore, as the next proposition
states, for any, limy_ co ]E[l,’,"] = 00. Thus, one aspect of herding is preserved;in as

N — o0, the expected number of successors who will imitatecd&nytends to infinity.

Proposition 4. In &;,, for any n, lim y_, o0 E[I)] = 00.
For proof, see Appendix A.
4.3. Perfect versusimperfect information

To understand the dissimilarities betweg&n and &/, consider a finite herd followed
by a deviator. In botl€y and&;,, the deviator becomes a leader to her successors. Yet,
there is substantial difference. iy, the deviator can be identified since previous actions
are publicly known. As a result, her deviation reveals clear cut information regarding her
private signal that meagerly dominates the accumulated public information. Thus, her
successor will be slightly in favor of joining the deviation. This is referred to by Smith
and Sgrensen (2000) as theerturning principle.

On the other hand, i}, one can not tell whether her predecessor is an imitator or a
deviator. Thus, a deviator’s action is her successor’s sole source of information about the
entire history of previous actions. Consequently, one who immediately follows a deviator
can be expected to replicate the deviation. Moreover, most likely the deviation will turn out
to be followed by a longer lasting finite herd.

3 Note that]'[;il(l— 0,)/2 =0 if and only if ijil(én + 1) does not converge. By induction, it is not
difficult to show that(g, + 1) > 1/x for all n.
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To illustrate, assume that a long finite herd of investment precedes#ameThen, her
cutoffis close to-1, for exampleén = —1+¢ forsome smalt > 0in&y andd, = —1+36
for some smalb > 0 in £;,. Now, suppose thatm n does not invest because she receives
an extreme contrary signal, sy= —1. In £y, her deviation reveals clear-cut information
thatd, € [—1, —1+ ¢), and thus, having observed the deviatidm, (n + 1) overturns; yet
her cutoff is close to zero, specifically,1 = /2. In &, in contrast, since the deviation
is not observed bym (n + 1), she overturns dramatically by setting her cutoff even closer
to 1, specificallyd, .1 =1 — 8 + §2/2.

As to the welfare properties of the equilibria, tbeante expected utility is difficult
to analyze analytically since conditional am, 6,'s are negatively correlated. Notice
that, given®, ex ante expected utility ofdm n is U,(©) := Y5 P, > 0, | ©)Pr(H, |
©)6. Therefore, total welfare can be calculated/a§ ", U,(©)]dG(©) whereG is the
probability distribution of®. To perform this calculation, we need to find the ante
distribution of cutoffs. However, the cutoff is a function of the history, which depends on
the realization of the signals. Still, giveén, the signals are negatively correlated.

To understand the welfare differences betweégnand &;,, we take the likelihood
of making correct decisions as our welfare measure and run some simulations. The
simulations show certain directional effects, which, to the extent that we can cover finite
economy sizes, we conjecture that they are robust. In particulafy ithe process is
concentrated on the correct decision more often thaﬁbinAIso, in both&y and &),
the ex ante probability thatdm n makes a correct decision increases ifor a givenN.
Figure 2 summarizes simulatidhthat were carried out for economiég andgb of size
N =10.

5. Thegeneral case

All of our results to this point relied on the assumption that the signal distribution is
uniform. In what follows, we show that the results obtained so far hold for any symmetric
signal distribution. Since the perfect information case is studied in a general setting by
Smith and Sgrensen (2000), we concentrate on the imperfect information ecéfomy

We consider an imperfect information econorfif where F satisfies symmetry.
Without loss of generality, assume that= —1. Additionally, for technical reasons we
assume that there is no probability mass on any of the cutoff points, which is a set of
measure zero.

One can show that observations (6), (7) and (8) for the uniform case hold faF.any
Using observations (6) and (7), the law of motion gris given by

Ons1=[1—FO)][0n — ETOD]+[1— F(0)][0: — ET(8)].

4 Numerical simulation are carried out by MATLAB. An experiment starts by drawing a vector of ten iid
signals from uniform distribution ovér-1, 1]. Then, we collect the actions generated by this vector under perfect
and imperfect information according to cutoff processes (4) and (10), respectively. For each decision turn
actions are assigned a labgl = 1 if they are correct and,, = 0 otherwise. Experiments are repeated until the
marginal change in the averageagfs for additional 16 experiments is less than 18.
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Fig. 2. Probability of correct decision by turn.

whereET (£§) = E[0 | 8 > £]. Using symmetry (8) and direct calculations,

1 1 O
Oni1=0, —2F(0,)0, — /QdF - /edF =0, —2F(0,)0, + Z/GdF <0,
a, On -1
and the inequality is strict as long &s > —1. The same expression yields
On
Bt =By — 2F (B,)8, +2 / 6dF > 8, — 2F @B — 2F @) > By — (1+,)

-1
=1 (11)

as long as-1 < 6, < 0 and the inequality is strict as long@s> —1.

Hence,{#,} is a decreasing sequence bounded-dyand must converge. In fact, from
(11) the relatior®,, .1 = ¢(6,) is continuous ori—1, —1 + ¢] for somes > 0, S0@(6) < 6
for anyf > —1 implies tha#),, \ —1 asn — oo. An analogous analysis yielgg 6) > 6
foranyd <1l andg, /1 asn — .

The impossibility of informational cascades follows immediately siftge < 1, Vn.
Furthermore, it can be readily noted that imitation $6ts #,,) monotonically increase in
n and converge to an attractor in the limit. We have already observed that when signals
are uniformly distributed the cutoff proces%} is not stable. We now extend this result to
anyF.

Proposition 5. In &, {,} is unstable near —1 and 1.
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Proof. Without loss of generality, we show thigh, } unstable near-1, i.e., for anyk < oo,
[152, (1 — F(9,)) = 0. First, note that it holds trivially whenevef(—1) # 0 since there
is always a positive probability of deviation. Whét{—1) = 0, we have

On
Bovs =By — 2F (@) + 2 f o dF.
21
Let i, =1+86,, then
On

1 = fin — 2F @) i +2 / (1+6)dF and 2ot
-1

> 1- 2F(én)-

Hn

Since[ ]2 int1/mn =0, we have[ [;2, (1 — 2F(8,)) = 0 which implies)_;2, F(6,),
thus the resulf],2,(1— F(#,))=0. O

The next theorem summarizes the results on learning dynamics.

Theorem 1 (Learning).In &7, (i) neither an informational cascade nor a limit-cascade
arises. (i) Theimitation set [0, fn) isincreasing in n and is an attractor in thelimit, i.e.,
[61,00) D[0n—-1,60n-1), Vn and [6,, On) — [-1,1]asn — oo.

As to action dynamics, the impossibility of herd behavior follows immediately from the
instability of the cutoff proces®),}. That is, since a deviation occurs with probability 1
action convergence in the standard herding manner is impossible. The next theorem states
this result.

Theorem 2 (Behavior).In £/, herd behavior does not occur.

Notwithstanding with the impossibility of herd behavior, whErhas no mass on the
boundaries of the signal support, i.&(—1) = 0, the expected length of a finite herd
following anydm n, given by

N—n
E[[N]=> k(1= F@n11) - (1= F@ntr)) F Oniir).
k=1
need not be bounded, as in the uniform case. However, we know of no sufficient condition
on the primitive F that guarantees that ImOOIE[l,’,V] = 00. The obvious difficulty is
to determine the finiteness of a series whose terms are merely described in a difference
equation.

On the other hand, whe has a mass on the boundaries, i.E(—1) # 0, the
expected length of a finite herd following ady: n is bounded. To see this suppose that
F(=1)=6> 0, then

oo
Jim B[] < F@nt2) ];kak
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and the inequality follows SinC&(6,12) > F(0,4) forall k > 2 ands > 1 — F(0,.%)
forall k > 1. But since 32 k8" = ;5. Moo ElLy'] < 0o

6. Concluding remarks

The perfect- and imperfect-information versions of the model share the conclusion that
dms can, for a long time, make the same choice. The important difference is that, whereas
in the perfect-information model a herd is an absorbing state, in the imperfect-information
model, there are continued, occasional and sharp shifts in behavior. These results suggest
that the imperfect information premise offers illumination to socioeconomic behavior that
typically exhibits long-lasting but finite episodes of mass behavior. In particular, we argue
that the imperfect information premise provides a better theoretical description of fads and
fashions.

It is natural to ask about the robustness of the results when the number of most recent
actions that alm observes exceeds one. Our analysis does not properly address this issue
since for any observation of histories larger than one the recursive structure of the cutoff
dynamics is extremely involved. However, some key insights are available. The cutoff rule
becomes richer since further inferences based on the frequency of past actions can be
obtained. More specificallyms are then able to identify deviators and imitators, and the
information revealed by a deviation can be incorporated into their decision rule. Since the
amount of information is increasing in the number of predecessors observed, a successor
of a deviator is still inclined to follow the deviation but with less enthusiasm as this number
increases.

Whether an increase in the number of predecessors observed would lead to sharply
different results is not clear, since all the decision rules would have to be changed to reflect
the new environment. Obviously, different information structures may lead to different
outcomes. This remains a subject for further research.

Acknowledgments

We are grateful to Douglas Gale for his guidance, to an Associate Editor and an anony-
mous referee for their comments, and to William J. Baumol who read carefully through the
manuscript and made invaluable suggestions on exposition. We also acknowledge helpful
discussions of Jean-Pierre Benoit, Alberto Bisin, Colin F. Camerer, Andrew Caplin, Amil
Dasgupta, Liran Einav, Eric S. Maskin, Roger B. Myerson, Benjamin Polak, Matthew Ra-
bin, Debraj Ray, Andrew Schotter, Peter Sgrensen, S. R. Srinivasa Varadhan, and the par-
ticipants of seminars at several universities.

Appendix A

Proof of Proposition 4. First, notice that the expected length of a finite herd of investment
is



B. Celen, S Kariv/ Games and Economic Behavior 47 (2004) 72-86 85

N—n
E[l,']= Z kP(xp=1=xpt1=""=Xntk 7 Xntk+1)
k=1
— - k -
_ gk 1+ On+k+1 1—[ 1- Ontm
= 42 > .
k=1 m=1

Since over timedms become increasingly likely to imitate their predeces&prY] is
increasing inn. Thus, it would be enough to show that the seque]E{jé’] does not

converge. To this end, we use comparison test for which the divergent sequ@nck/is)
and we prove by induction that

1+9-n+2 - 1- 9-1+m 1
n > :1_[ > >—, Vn>6.

n
m=1

Forn = 6, a trivial computation yields the result.
Suppose that the hypothesis holds#os k — 1. Then,

1461 (1-61—61 1—6, 1
k—1 > ’
k=D < 2 2 2 ) k—1
1—6r1—6-1 1—60 - 2 1
2 2 2 )7 k-121+46
Multiplying both sides byk(1+ 6;42)/2 (1 — 6r11)/2,

1+6, 1—6p11—6 1-—6 _ 1-6 k
K k+2 k+1 ko 2 > (14 Ges2) k41 .
2 2 2 2 1+ 6412k —1)
Thus, it is sufficient to show that
_ 1— 01 k 1
A+ Gps2) =

— > —.
146112k —1)2 " k
Now, recall that o = —(1+ 9_k2+1)/2. Substituting,

<1 1+é,§+1> 1—0r1 K N 1
2 146312k —1)2 7 k’
1—9_](2+1l—9_k+1 k 1

_ >,
2 1+612k—127 k

()= ()

Hence, the problem reduces to show that

1—6Op1 k=1 - 2 2
> —, —Okp1>1——, Ory1>1——.
2 k k+1 A Yk+1 A

By induction this can be shown to hold for edchk: 1.
Fork = 1itis trivial.
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Suppose that it holds far=m — 1,i.e.,0,, > 1—2/(m — 1).
Fork =m, we have to show tha,,+1 > 1 — 2/m. But sinced,,+1 = (1+62)/2, the
guestion reduces to

1462 2 ) 4
“ioms 2 02 >1— —.
2 m =m m

By the induction stepg?, > (1 — 2/(m — 1))2. Hence, it is sufficient to see that —
2/(m —1))2 > 1—4/m. But re-arranging, we get® —4 O
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