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Abstract

We explore Bayes-rational sequential decision making in a game with pure inform
externalities, where each decision maker observes only her predecessor’s binary action
perfect information the martingale property of the stochastic learning process is used to es
convergence of beliefs and actions. Under imperfect information, in contrast, beliefs and a
cycle forever. However, despite the stochastic instability, over time the private information is ig
and decision makers become increasingly likely to imitate their predecessors. Consequen
observe longer and longer periods of uniform behavior, punctuated by increasingly rare switc
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

In the last decade a number of studies have explored the process of observ
learning. Banerjee (1992) and Bikhchandani et al. (1992) introduced the basic co
and stimulated further research in this area. The literature analyzes an economy
a sequence of Bayesian decision-makers (dms) make a once-in-a-lifetime decision und
incomplete and asymmetric information. The typical conclusion is that, despite asym
of information, eventuallydms will imitate their predecessor’s behavior even if it confli
with their private information.

A central assumption of the previous models is that alldms are assumed to be able
observe all the decisions that have previously been made, i.e., they haveperfect information
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about the entire history of actions that have been taken before them. Thedm thus compare
her information with that of a large (in the limit, unboundedly large) number of o
dms. In reality,dms haveimperfect information. For greater realism, our model relaxes
perfect-information assumption, dealing instead with the case in which eachdm observes
only her immediate predecessor’s decision. Our goal is to understand behavior und
an imperfect information structure.

The model which we analyze builds on Gale (1996). Eachdm is faced with a once-in-a
lifetime binary choice, say, an investment decision. While non-investment is a safe
yielding a zero payoff, the payoff from investment is a random variable with expected
zero. Eachdm receives an informative private signal and observes only her imme
predecessor. We describe thedms’ optimal strategies recursively; they in turn, characte
the dynamics of learning and actions.

Smith and Sørensen (2000) make a clear distinction between learning dynami
action dynamics. They emphasize the difference betweeninformational cascades andherd
behavior, two notions introduced by Banerjee (1992) and Bikhchandani et al. (199
address the same phenomenon.Informational cascades occur when, after some finite tim
all dms ignore their private information when choosing an action, whileherd behavior
occurs when, after some finite time, alldms choose the same action, not necessa
ignoring their private information.

Hence, an informational cascade implies herd behavior but herding is not nece
the result of an informational cascade. When acting in a herd,dms choose the same actio
but they could have acted differently from one another if the realization of their pr
signals had been different. In an informational cascade, adm considers it optimal to follow
the behavior of her predecessors without regard to her private signal since her beli
strongly held that no signal can outweigh it.

We replicate the results of the literature under perfect information and use them
benchmark. The main difference between perfect and imperfect information is that le
under perfect information has the martingale property that permits establishme
convergence of beliefs and actions. Under imperfect information, in contrast, the le
process does not have the martingale property. The important implication is that b
and actions are not convergent but cycle forever. Despite this instability, over time, p
information is increasingly ignored anddms become increasingly likely to imitate the
predecessors (Theorem 1). Consequently, we observe longer and longer periods of
behavior, punctuated by increasingly rare switches (Theorem 2). In other words,
perfect information, social learning eventually ceases as individual behavior bec
purely imitative and hence is uninformative. Under imperfect information, in cont
individuals become more and more likely to imitate and, at the same time, behavio
to converge.

The paper is organized as follows. In the next section, we provide a discussion of c
related literature. The model is outlined in Section 3, analyzed under some distri
specification in Section 4 and for general distributions in Section 5. We conclu
Section 6.
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2. Related literature

Observation of an immediate predecessor’s action is a particular form of imp
information. Smith and Sørensen (1996) relax perfect information by assuming tha
dm observes a random unordered sample of her predecessors’ actions. This ap
is in fact the finite-dm counterpart of Banerjee and Fudenberg’s (1995) continuumdm

model. Smith and Sørensen (1996) provide a thorough characterization for the c
unbounded beliefs, but their results are not exhaustive for the case ofbounded beliefs.1

With unbounded beliefs, Smith and Sørensen (1996) agree with Banerjee and Fud
(1995) that learning leads to correct decisions, and with bounded beliefs, they sho
what is “learned” can be incorrect.

Taking off from Smith and Sørensen (1996), we assume that eachdm samples he
immediate predecessor’s choice with probability one. This assumption captures,
extreme format, the idea that more recent predecessors are more likely to be ob
Aside from modeling choices, the present paper differs from Smith and Sørensen
in two ways. First, we show that behavior can be radically different under perfec
imperfect information. Second, we are able to describe not only the asymptotic out
but also the behavior in case of divergence.

In another study, Smith and Sørensen (1997) develop an example in which eadm

observes her immediate predecessor’s decision. But, their signal distribution as
unbounded beliefs and their focus is on different properties of learning, so results a
directly comparable.

3. The model

3.1. Preliminaries

Our economy consists of a finite number of Bayes-rationaldms indexed byn =
1,2, . . . ,N . Eachdm n makes a once-in-a-lifetime decision, to invest or not to inv
indicated byxn = 1 and xn = 0, respectively. Decisions are made sequentially in
exogenously determined order. The preferences of thedms are assumed to be identic
and represented by the risk-neutral vN-M utility function

u(xn) =
{

Θ if xn = 1,

0 if xn = 0,

where the value of investmentΘ is a random variable defined by

Θ =
N∑

n=1

θn

and θn is dm n’s private signal aboutΘ. We assume that theθn’s are identically and
independently distributed with c.d.f.F over a compact supportS with convex hull[a, b],

1 Private beliefs are said to bebounded when there is no private signal that can perfectly reveal the true
of the world, and to beunbounded otherwise.
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such thatE[θ ] = 0. Further,F satisfies symmetry whena + b = 0 andF(θ) = 1− F(−θ)

∀θ ∈ [a,−a].
It is immediate that the range ofΘ defines the set of the states of the world. Moreo

since the risk-free actionxn = 0 constitutes a benchmark for decision making, the pay
relevant states are partitioned into two decision-relevant events,high Θ � 0 andlow Θ < 0.
Notice that the signal structure is informative in the sense that, conditional on th
state of the world, one is more likely to receive a signal favoring the realized even
P(θ � 0 | Θ � 0) > 1/2 andP(θ < 0 | Θ < 0) > 1/2. Yet, private beliefs are bounded f
anyN > 2.

The summation version ofΘ makes the model nicely tractable, but some clarificati
are in order. Notice that we define a finite economy, yet we are interested in the be
when the size of the economyN is arbitrarily large. In other words, we analyze the lim
behavior of a sequence of economies indexed byN . With infiniteN , the problem is not wel
formulated sinceΘ may not be summable as defined. However, with any finiteN , there
are no problems since we are interested in limit theorems rather than theorems in th
By the same token, even though the information of adm aboutΘ is not constant acros
different sized economies, the underlying decision problem, the optimal decision rul
hence our results are independent ofN as in the traditional social learning models. T
key explanation, as we will see in the next section, is that the optimal behavior ofdms is
backward looking: the decision rule ofdm n is independent ofN .

We refer to a perfect information economyEF = {F,xn,un, In}Nn=1, as an econom
where the information set of eachdm n consists of her private signal as well as the en
history of actions, i.e.,

In = {
θn, (xi)

n−1
i=1

} ∈ S × {0,1}n−1.

An imperfect information economyE ′
F = {F,xn,un, I

′
n}Nn=1 differs in that eachdm n > 1

observes only her immediate predecessor’s action, i.e.,

I ′
n = {θn, xn−1} ∈ S × {0,1}.

Finally, we assume that the structure of anydm’s information set is common knowledg
Thus, everydm knows whose actions eachdm observes as well as all the decision rule

3.2. The decision problem

A dm’s strategy is a mapping from her information set into the set of actions. Nex
provide a definition that will be useful in characterizing the optimal strategy.

Definition 1. dm n follows acutoff strategy if her decision rule is defined by

xn =
{

1 if θn � θ̃n,

0 if θn < θ̃n,

for some cutoffθ̃n ∈ [a, b].2

2 Notice that the tie-breaking assumption is such thatxn = 1 whenθn = θ̃n. One may assume different tie
breaking rules, but since these are probability zero events, the analysis does not alter.
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The decision problem ofdm n is to choosexn ∈ {0,1} to maximize her expected utilit
given her information setIn. That is,

max
xn∈{0,1}xnE

[
Θ | In

]
which yields the optimal decision rule

xn = 1 if and only if E
[
Θ | In

]
� 0.

SinceIn does not provide any information about the content of successors’ signa
obtain

xn = 1 if and only if θn � −E

[
n−1∑
i=1

θi

∣∣∣ In

]
.

It readily follows that the optimal decision takes the form of acutoff strategy. We state this
in the next proposition.

Proposition 1. For any dm n, the optimal strategy is the cutoff strategy

xn =
{

1 if θn � θ̂n,

0 if θn < θ̂n,

where

θ̂n = −E

[
n−1∑
i=1

θi

∣∣∣ In

]
(1)

is the optimal history-contingent cutoff.

The optimal cutoffθ̂n contains all the information thatdm n acquires from the histor
and thus determines the minimum private signal for which she optimally decides to i
Hence,θ̂n is sufficient to characterizedm n’s behavior, and{θ̂n}Nn=1 characterizes th

behavior of the economy. Henceforth, we take{θ̂n}Nn=1 as the object of our analysis an
refer to it as a cutoff process or learning process interchangeably.

Also notice that (1) demonstrates thatθ̂n is independent ofN , i.e., the optimal behavio
of dm n is not affected by the size of the economy, justifying our discussion in the pre
section.

3.3. Definitions

Next, we define some key concepts to which we refer throughout the pape
economize on notation, whenever we take a limit overn we allow N to accommodate
n by taking a double limit asN → ∞ andn → ∞.

Definition 2 (Informational cascade). An informational cascade on actionx = 1 (x = 0)
occurs when∃n such thatθ̂k ∈ (−∞, a] (θ̂k ∈ [b,∞)) ∀k � n. Analogously, a limit-
cascade on actionx = 1 (x = 0) occurs when the process of cutoffs{θ̂n} converges almos
surely to a random variablêθ∞ = limn→∞ θ̂n, with supp(θ̂∞) ⊆ (−∞, a] (supp(θ̂∞) ⊆
[b,∞)).
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Hence, a cascade occurs in the limit when all but finitely manydms are almost surel
convinced about which of the events will take place. Further, we call a finite sequen
dms who act alike afinite herd and, we let

lNn ≡ max
{
k ∈ {0,1, . . . ,N − n} | xn = · · · = xn+k

}
denote the length of a finite herd followingdm n in an economy of sizeN . Herd behavior
is said to occur ifdms eventually settle on an action, i.e., action convergence almost s
obtains.

Definition 3 (Herd behavior). Herd behavior occurs when∃n such that limN→∞ lNn /N = 1.

Thus,dm n acts in a herd but does not follow a cascade whenθ̂n ∈ (a, b), indicating
that for some signal she is willing to make either decision, but when her private sig
realized she acts as her predecessors did.

4. The uniform case

In order to illustrate the model, we study a simple symmetric example where p
signals are distributed with uniform distributionU, over the support[−1,1].
4.1. The case of perfect information

According to (1), in the perfect information economy,EU = {U,xn,un, In}Nn=1, dm n’s
optimal history-contingent cutoff rule is

θ̂n = −E

[
n−1∑
i=1

θi

∣∣∣ (xi)
n−1
i=1

]
.

Since with perfect information any history of actions is public information shared b
succeedingdms, all the information revealed by the history(xi)

n−2
i=1 is already accumulate

in dm (n − 1)’s cutoff. Therefore,dm n’s cutoff is altered only by the new informatio
revealed bydm (n − 1)’s action. To be exact,̂θn is different fromθ̂n−1 only by E[θn−1 |
xn−1, θ̂n−1]. As a result, the cutoff rule exhibits the following recursive structure,

θ̂n = θ̂n−1 − E
[
θn−1 | xn−1, θ̂n−1

]
(2)

where

E
[
θn−1 | xn−1, θ̂n−1

]=
{

(1+ θ̂n−1)/2 if xn−1 = 1,

(−1+ θ̂n−1)/2 if xn−1 = 0.
(3)

Equations (2) and (3) yield the following cutoff process.

Proposition 2. In EU , the cutoff process is given recursively by

θ̂n =
{

(−1+ θ̂n−1)/2 if xn−1 = 1,

(1+ θ̂n−1)/2 if xn−1 = 0,
(4)

where θ̂1 = 0.
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The impossibility of an informational cascade follows immediately since|θ̂n| < 1, ∀n.
Thus, in making a decision, anydm takes her private signal into account in a non-triv
way. Moreover, the learning process{θ̂n} has the martingale propertyE[θ̂n+1 | θ̂n] = θ̂n.
So, by the Martingale Convergence Theorem, it converges almost surely to a ra
variable θ̂∞ = limn→∞ θ̂n. Hence, it is stochastically stable in the neighborhood of
fixed points,−1 and 1, meaning that there is a limit-cascade. Finally, since converg
of the cutoff process implies convergence of actions, behavior can not overturn fo
In other words, behavior settles down in some finite time and is consistent with the
learning. In conclusion, we agree with Smith and Sørensen (2000) that a cascade n
arise but a limit-cascade and herd behavior must.

4.2. The case of imperfect information

In the imperfect information economy,E ′
U = {U,xn,un, I

′
n}Nn=1, the action of adm is

the only source of information available to her successor to indicate the nature of a
signals. Thus, according to (1)dm n’s history-contingent cutoff rule is

θ̂n = −E

[
n−1∑
i=1

θi

∣∣∣ xn−1

]
.

It can readily be noted that̂θn can take two different values, conditional onxn−1 ∈ {0,1}.
That is,

θ̂n =
{

θn if xn−1 = 1,

θn if xn−1 = 0,
(5)

where

θn = −E

[
n−1∑
i=1

θi

∣∣∣ xn−1 = 1

]
, θn = −E

[
n−1∑
i=1

θi

∣∣∣ xn−1 = 0

]
.

The derivation of the cutoff rule rests on three basic observations (for proofs, see
and Kariv, 2001). First, the Bayesian inference of anydm is symmetric in the sense th
upon observing the predecessor’s action the probability assigned to a deviation (imi
is independent of the actual action taken, that is, for anyn,

P
(
xn−1 = 0 | xn = 1

)= P
(
xn−1 = 1 | xn = 0

)
. (6)

Second, for eachdm n both actions areex ante equally probable,

P(xn = 1) = 1

2
. (7)

And finally, the cutoff rule is symmetric,

θn + θn = 0. (8)

These observations help us to derive a closed form solution ofθ̂n recursively. Note that i
dm n observesxn−1 = 1, she can determine the probabilities thatxn−2 = 1 or xn−2 = 0
conditional on this information. Ifxn−2 = 1 then the actual cutoff ofdm (n − 1) is
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θn−1, which already inherits all the information accumulated in the history. Moreove
expected value of her signalθn−1 is computable conditional onθn−1 andxn−1 = 1. An
analogous argument also applies ifxn−2 = 0. Thus, the law of motion forθn is given by

θn = P
(
xn−2 = 1 | xn−1 = 1

){
θn−1 − E

[
θn−1 | xn−2 = 1

]}
+ P

(
xn−2 = 0 | xn−1 = 1

){
θn−1 − E

[
θn−1 | xn−2 = 0

]}
.

Using observations (6) and (7), it simplifies to

θn = 1− θn−1

2

[
θn−1 − 1+ θn−1

2

]
+ 1− θn−1

2

[
θn−1 − 1+ θn−1

2

]
. (9)

Using (8), this leads to the following proposition.

Proposition 3. In E ′
U , the cutoff process is given recursively by

θ̂n =
{−(1+ θ̂2

n−1

)
/2 if xn−1 = 1,(

1+ θ̂2
n−1

)
/2 if xn−1 = 0,

(10)

where θ̂1 = 0.

The impossibility of an informational cascade inE ′
U follows immediately since, a

in EU , |θ̂n| < 1 ∀n. However, as we illustrate in Fig. 1,dm n’s cutoff rule partitions
the signal space into three subsets:[−1, θn), [θn, θn) and [θn,1]. For high-value signal

Fig. 1. The partition of the signal space.
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θn ∈ [θn,1] and low-value signalsθn ∈ [−1, θn), dm n follows her private signal and take
actionxn = 1 or xn = 0, respectively. In the intermediate subset[θn, θn), which we call
the imitation set, private signals are ignored in making a decision anddms imitate their
immediate predecessor’s action.

Furthermore, since{θn} (or {θn}) is a decreasing (increasing) sequence bounded b−1
(1) and must converge, imitation sets monotonically increase inn regardless of the actua
history of actions and converge to the entire signal space in the limit. That is to sa
imitation set becomes an attractor in the limit. Hence, over time,dms tend to rely more on
the information revealed by the predecessor’s action rather than their private signal.

Note, however, that this does not imply convergence of the cutoff process{θ̂n}. In fact,
a simple analysis shows that the cutoff process (10) is not convergent.3 Hence, a limit-
cascade never arises since the cutoff process is not stable near any of the fixed po−1
and 1. Further, since{θ̂n} is not stable, it is obvious that convergence of actions in
standard herding manner is impossible. This is to say that the divergence of cutoffs i
divergence of actions.

As herd behavior is impossible, one might ask what the expected length of a finite
starting from some finitedm n, E[lNn ], is. Note that when a deviation occurs, the cut
process switches from a point close to one of the fixed points to a point even closer
other fixed point, thereforeE[lNn ] is increasing inn for an economy sizeN large enough
This can be shown using direct calculations. Hence, along the line ofdms, behavior is
typified by monotonically longer lasting finite herds. Furthermore, as the next propo
states, for anyn, limN→∞ E[lNn ] = ∞. Thus, one aspect of herding is preserved inE ′

U : as
N → ∞, the expected number of successors who will imitate anydm tends to infinity.

Proposition 4. In E ′
U , for any n, limN→∞ E[lNn ] = ∞.

For proof, see Appendix A.

4.3. Perfect versus imperfect information

To understand the dissimilarities betweenEU andE ′
U , consider a finite herd followe

by a deviator. In bothEU andE ′
U , the deviator becomes a leader to her successors

there is substantial difference. InEU , the deviator can be identified since previous acti
are publicly known. As a result, her deviation reveals clear cut information regardin
private signal that meagerly dominates the accumulated public information. Thu
successor will be slightly in favor of joining the deviation. This is referred to by Sm
and Sørensen (2000) as theoverturning principle.

On the other hand, inE ′
U , one can not tell whether her predecessor is an imitator

deviator. Thus, a deviator’s action is her successor’s sole source of information abo
entire history of previous actions. Consequently, one who immediately follows a de
can be expected to replicate the deviation. Moreover, most likely the deviation will tur
to be followed by a longer lasting finite herd.

3 Note that
∏∞

n=1(1− θ̄n)/2 = 0 if and only if
∑∞

n=1(θ̄n + 1) does not converge. By induction, it is n
difficult to show that(θ̄n + 1) � 1/n for all n.



B. Çelen, S. Kariv / Games and Economic Behavior 47 (2004) 72–86 81

ves
on

n
ser

e

s on

s. The
finite

n is
etric
ng by

.
e
set of

ny

n iid
rfect
turn

the
To illustrate, assume that a long finite herd of investment precedes somedm n. Then, her
cutoff is close to−1, for examplêθn = −1+ε for some smallε > 0 in EU andθ̂n = −1+δ

for some smallδ > 0 in E ′
U . Now, suppose thatdm n does not invest because she recei

an extreme contrary signal, sayθn = −1. InEU , her deviation reveals clear-cut informati
thatθn ∈ [−1,−1+ ε), and thus, having observed the deviation,dm (n+ 1) overturns; yet
her cutoff is close to zero, specificallŷθn+1 = ε/2. In E ′

U , in contrast, since the deviatio
is not observed bydm (n+ 1), she overturns dramatically by setting her cutoff even clo
to 1, specificallyθ̂n+1 = 1− δ + δ2/2.

As to the welfare properties of the equilibria, theex ante expected utility is difficult
to analyze analytically since conditional onΘ, θn’s are negatively correlated. Notic
that, givenΘ, ex ante expected utility ofdm n is Un(Θ) :=∑

θ̂n
Pr(θn > θ̂n | Θ)Pr(θ̂n |

Θ)Θ. Therefore, total welfare can be calculated as
∫ [∑n Un(Θ)]dG(Θ) whereG is the

probability distribution ofΘ. To perform this calculation, we need to find theex ante
distribution of cutoffs. However, the cutoff is a function of the history, which depend
the realization of the signals. Still, givenΘ, the signals are negatively correlated.

To understand the welfare differences betweenEU and E ′
U , we take the likelihood

of making correct decisions as our welfare measure and run some simulation
simulations show certain directional effects, which, to the extent that we can cover
economy sizes, we conjecture that they are robust. In particular, inEU the process is
concentrated on the correct decision more often than inE ′

U . Also, in bothEU andE ′
U ,

the ex ante probability thatdm n makes a correct decision increases inn for a givenN .
Figure 2 summarizes simulations4 that were carried out for economiesEU andE ′

U of size
N = 10.

5. The general case

All of our results to this point relied on the assumption that the signal distributio
uniform. In what follows, we show that the results obtained so far hold for any symm
signal distribution. Since the perfect information case is studied in a general setti
Smith and Sørensen (2000), we concentrate on the imperfect information economyE ′

F .
We consider an imperfect information economyE ′

F where F satisfies symmetry
Without loss of generality, assume thata = −1. Additionally, for technical reasons w
assume that there is no probability mass on any of the cutoff points, which is a
measure zero.

One can show that observations (6), (7) and (8) for the uniform case hold for aF.

Using observations (6) and (7), the law of motion forθn is given by

θn+1 = [
1− F(θn)

][
θn − E+(θn)

]+ [
1− F( θn)

][
θn − E+( θn)

]
,

4 Numerical simulation are carried out by MATLAB. An experiment starts by drawing a vector of te
signals from uniform distribution over[−1,1]. Then, we collect the actions generated by this vector under pe
and imperfect information according to cutoff processes (4) and (10), respectively. For each decisionn,
actions are assigned a labelan = 1 if they are correct andan = 0 otherwise. Experiments are repeated until
marginal change in the average ofan ’s for additional 107 experiments is less than 10−5.
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Fig. 2. Probability of correct decision by turn.

whereE+(ξ) ≡ E[θ | θ � ξ ]. Using symmetry (8) and direct calculations,

θn+1 = θn − 2F(θn)θn −
1∫

θn

θ dF −
1∫

θn

θ dF = θn − 2F(θn)θn + 2

θn∫
−1

θ dF � θn

and the inequality is strict as long asθn > −1. The same expression yields

θn+1 = θn − 2F(θn)θn + 2

θn∫
−1

θ dF � θn − 2F(θn)θn − 2F(θn) � θn − (1+ θn)

= −1 (11)

as long as−1 � θn � 0 and the inequality is strict as long asθn > −1.
Hence,{θn} is a decreasing sequence bounded by−1 and must converge. In fact, fro

(11) the relationθn+1 = ϕ(θn) is continuous on(−1,−1+ ε] for someε > 0, soϕ(θ) < θ

for anyθ > −1 implies thatθn ↘ −1 asn → ∞. An analogous analysis yieldsϕ( θ ) > θ

for anyθ < 1 andθn ↗ 1 asn → ∞.
The impossibility of informational cascades follows immediately since|θ̂n| < 1, ∀n.

Furthermore, it can be readily noted that imitation sets[θn, θn) monotonically increase in
n and converge to an attractor in the limit. We have already observed that when s
are uniformly distributed the cutoff process{θ̂n} is not stable. We now extend this result
anyF.

Proposition 5. In E ′ , {θ̂n} is unstable near −1 and 1.
F
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Proof. Without loss of generality, we show that{θ̂n} unstable near−1, i.e., for anyk < ∞,∏∞
n=k(1 − F(θn)) = 0. First, note that it holds trivially wheneverF(−1) �= 0 since there

is always a positive probability of deviation. WhenF(−1) = 0, we have

θn+1 = θn − 2F(θn)θn + 2

θn∫
−1

θ dF.

Let µn = 1+ θn, then

µn+1 = µn − 2F(θn)µn + 2

θn∫
−1

(1+ θ)dF and
µn+1

µn

� 1− 2F(θn).

Since
∏∞

n=k µn+1/µn = 0, we have
∏∞

n=k(1 − 2F(θn)) = 0 which implies
∑∞

n=k F (θn),
thus the result

∏∞
n=k(1− F(θn)) = 0. ✷

The next theorem summarizes the results on learning dynamics.

Theorem 1 (Learning).In E ′
F , (i) neither an informational cascade nor a limit-cascade

arises. (ii) The imitation set [θn, θn) is increasing in n and is an attractor in the limit, i.e.,
[θn, θn) ⊃ [θn−1, θn−1), ∀n and [θn, θn) → [−1,1] as n → ∞.

As to action dynamics, the impossibility of herd behavior follows immediately from
instability of the cutoff process{θ̂n}. That is, since a deviation occurs with probability,
action convergence in the standard herding manner is impossible. The next theorem
this result.

Theorem 2 (Behavior).In E ′
F , herd behavior does not occur.

Notwithstanding with the impossibility of herd behavior, whenF has no mass on th
boundaries of the signal support, i.e.,F(−1) = 0, the expected length of a finite he
following anydm n, given by

E
[
lNn
]=

N−n∑
k=1

k
(
1− F(θn+1)

) · · · (1− F(θn+k)
)
F(θn+k+1),

need not be bounded, as in the uniform case. However, we know of no sufficient con
on the primitiveF that guarantees that limN→∞ E[lNn ] = ∞. The obvious difficulty is
to determine the finiteness of a series whose terms are merely described in a dif
equation.

On the other hand, whenF has a mass on the boundaries, i.e.,F(−1) �= 0, the
expected length of a finite herd following anydm n is bounded. To see this suppose t
F(−1) = δ > 0, then

lim
N→∞ E

[
lNn
]
� F(θn+2)

∞∑
kδk
k=1
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and the inequality follows sinceF(θn+2) � F(θn+k) for all k � 2 andδ � 1 − F(θn+k)

for all k � 1. But since
∑∞

k=1 kδk = δ
(1−δ)2 , limN→∞ E[lNn ] < ∞.

6. Concluding remarks

The perfect- and imperfect-information versions of the model share the conclusio
dms can, for a long time, make the same choice. The important difference is that, w
in the perfect-information model a herd is an absorbing state, in the imperfect-inform
model, there are continued, occasional and sharp shifts in behavior. These results
that the imperfect information premise offers illumination to socioeconomic behavio
typically exhibits long-lasting but finite episodes of mass behavior. In particular, we
that the imperfect information premise provides a better theoretical description of fad
fashions.

It is natural to ask about the robustness of the results when the number of most
actions that adm observes exceeds one. Our analysis does not properly address thi
since for any observation of histories larger than one the recursive structure of the
dynamics is extremely involved. However, some key insights are available. The cuto
becomes richer since further inferences based on the frequency of past actions
obtained. More specifically,dms are then able to identify deviators and imitators, and
information revealed by a deviation can be incorporated into their decision rule. Sin
amount of information is increasing in the number of predecessors observed, a su
of a deviator is still inclined to follow the deviation but with less enthusiasm as this nu
increases.

Whether an increase in the number of predecessors observed would lead to
different results is not clear, since all the decision rules would have to be changed to
the new environment. Obviously, different information structures may lead to diff
outcomes. This remains a subject for further research.
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Appendix A

Proof of Proposition 4. First, notice that the expected length of a finite herd of investm
is
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E
[
lNn
]=

N−n∑
k=1

kP (xn = 1 = xn+1 = · · · = xn+k �= xn+k+1)

=
N−n∑
k=1

k

(
1+ θ̄n+k+1

2

)( k∏
m=1

1− θ̄n+m

2

)
.

Since over timedms become increasingly likely to imitate their predecessor,E[lNn ] is
increasing inn. Thus, it would be enough to show that the sequenceE[lN1 ] does not
converge. To this end, we use comparison test for which the divergent sequence is

∑
(1/n)

and we prove by induction that

n
1+ θ̄n+2

2

{
n∏

m=1

1− θ̄1+m

2

}
� 1

n
, ∀n � 6.

Forn = 6, a trivial computation yields the result.
Suppose that the hypothesis holds forn = k − 1. Then,

(k − 1)
1+ θ̄k+1

2

(
1− θ̄k

2

1− θ̄k−1

2
· · · 1− θ̄2

2

)
� 1

k − 1
,

(
1− θ̄k

2

1− θ̄k−1

2
· · · 1− θ̄2

2

)
� 2

(k − 1)2

1

1+ θ̄k

.

Multiplying both sides byk(1+ θ̄k+2)/2(1− θ̄k+1)/2,

k
1+ θ̄k+2

2

(
1− θ̄k+1

2

1− θ̄k

2
· · · 1− θ̄2

2

)
� (1+ θ̄k+2)

1− θ̄k+1

1+ θ̄k+1

k

2(k − 1)2
.

Thus, it is sufficient to show that

(1+ θ̄k+2)
1− θ̄k+1

1+ θ̄k+1

k

2(k − 1)2 � 1

k
.

Now, recall thatθ̄k+2 = −(1+ θ̄2
k+1)/2. Substituting,

(
1− 1+ θ̄2

k+1

2

)
1− θ̄k+1

1+ θ̄k+1

k

2(k − 1)2
� 1

k
,

1− θ̄2
k+1

2

1− θ̄k+1

1+ θ̄k+1

k

2(k − 1)2 � 1

k
,

(
1− θ̄k

2

)2

�
(

k − 1

k

)2

.

Hence, the problem reduces to show that

1− θ̄k+1

2
� k − 1

k
, −θ̄k+1 � 1− 2

k
, θk+1 � 1− 2

k
.

By induction this can be shown to hold for eachk � 1.
Fork = 1 it is trivial.
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Suppose that it holds fork = m − 1, i.e.,θm � 1− 2/(m − 1).
For k = m, we have to show thatθm+1 � 1 − 2/m. But sinceθm+1 = (1+ θ2

m)/2, the
question reduces to

1+ θ2
m

2
� 1− 2

m
, θ2

m � 1− 4

m
.

By the induction step,θ2
m � (1 − 2/(m − 1))2. Hence, it is sufficient to see that(1 −

2/(m − 1))2 � 1− 4/m. But re-arranging, we get 0� −4 ✷
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